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Abstract 
 
In order to increase the efficiency of design optimization, many efforts have been made on studying the metamodel 

techniques for effectively representing expensive and complex models. In this study, a comparison is conducted on the 
accuracy of several widely used meta-model techniques - moving least squares (MLS), Kriging, support vector regres-
sion (SVR) and radial basis functions (RBF) - which are able to approximate non-convex functions well.. RMSE (root 
mean squared error) value is identified as a measure of the accuracy for this comparison. Each metamodel technique is 
used to approximate the six well-known mathematical functions and a resign of experiment (DOE) is generated by 
using the Latin hypercube design (LHD), which is also performed for each resulting metamodel.  The results show that 
Kriging and MLS can create a more accurate metamodel than SVR and RBF with the mathematical functions tested.  
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1. Introduction 

In order to improve the efficiency of design optimi-
zation, various researches on metamodels are in pro-
gress. One of the representative metamodeling tech-
niques is response surface methodology (RSM) [1] 
which employs the method of least squares. However, 
the widely used quadratic RSM has a shortcoming in 
that it is not able to represent non-convex functions. 
In this paper, the accuracy of four metamodeling 
techniques is compared, including moving least 
squares (MLS), Kriging, radial basis functions (RBF) 
and, support vector regression (SVR), which are 
known to be suitable for representing non-convex 
functions as well as convex functions.  

Jin et al. [2] claimed that RBF is a better metamod-
eling technique compared to the other three tech-

niques: Kriging, RSM, and multivariate adaptive 
regression splines (MARS). However, because the 
problems are lopsided in two extreme cases, i.e., 
cases with 2 or 3 variables and cases with over 10 
variables, it is not possible to predict the trend for 
cases with 4-10 variables. Krishnamurthy [3] also 
compared the accuracy of Kriging, MLS, RSM and 
RB; however, the conclusion drawn from his work is 
highly biased because too few application problems 
were studied and the sample problems dealt with only 
one variable.  

In the study presented in this paper, the accuracy of 
four metamodeling techniques is compared with the 
use of the metamodels with various numbers of sam-
pling points. Furthermore, the accuracy of the meta-
modeling techniques is measured in terms of the 
number of variables by using the Rosenbrock func-
tion in which an arbitrary number of variables can be 
set. As a proof of implementation, representative 
mathematical sample problems are applied, and the 
Latin hypercube design method is used to create the 
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design of experiments for every metamodeling tech-
nique. The root mean square error (RMSE) and rank-
ing are identified as the measure of accuracy. 

In order to measure the accuracy of the metamodel-
ing techniques in terms of the number of sampling 
points and the number of variables, 225 metamodels 
are constructed for comparison purpose. Especially 
for MLS, two different weight functions are utilized 
in order to analyze the effect of the weight function 
on the accuracy. 
 
2. Metamodeling methodologies 

2.1 Moving Least Squares (MLS) 

Typically, the quadratic RSM predicts convex 
functions relatively well; however, large errors for 
highly non-linear data is also seen. This issue can be 
resolved by introducing the method of least squares, 
usually used in a mesh free method, to the RSM 

Multiplying weight functions to the coefficient ma-
trices, MLS zeros out the data except for those around 
a particular region. The response surface constructed 
in this way can provide very accurate local predic-
tions. The mathematical statement of the RSM with 
MLS is given by Eq. (1) [4-5]. 
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where, m+1 is the number of basis functions and n+1 
is the number of sampling points. 

 
2.2 Kriging 

The Kriging model [6] addresses the computer ex-
periment information at the sampling points with the 
summation of the global model and the local devia-
tion, as given by Eq. (2): 
               

y(x)=f(x)·β+Z(x)            (2) 
 
where, Z(x) is a normal distribution with mean of 0 
and variance of σ2. The deviation at each sampling 
point has the correlation defined in Eq. (3):  
         

Cov[Z(xi), Z(xj)]=σ2R[R(xi,xj)], i, j=1,…,n   (3) 
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where, n and N are the number of sampling points and 
the number of design variables, respectively. i

kx is the 
kth design variable at the ith sampling point. R(xi,xj) 
is a function that represents the correlation between 
two sampling points. xi and xj, and is generally de-
picted by Gaussian correlation function. In order to 
construct a Kriging model, the correlation coefficients 
θk are determined by using the most likely maximum 
estimate method. However, since Kriging requires a 
global optimization process to produce the meta-
model, this method leads expensive computation for 
the problems with many design variables and sam-
pling points. Another shortcoming is that it may fail 
to generate a proper metamodel if the global optimi-
zation is not successful. 
 
2.3 Radial Basis Function (RBF) 

RBF [7] is often used to perform the interpolation 
of scattered multivariate data. The metamodel appears 
in a linear combination of Euclidean distances, as 
shown in Eq. (4). 
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where, n is the number of sampling points, wi is the 
weight determined by the least-squares method and 

( , )i ixφ x  is the ith basis function determined at the 
sampling point xi. Various symmetric radial functions 
used as the basis function are listed in Table 1.  

The RBF method is known to be as good an inter-
polator as Kriging. However, such an interpolation 
method has shortcomings in that the appearance of a 
metamodel varies significantly with the type of basis 
function and its internal parameters. In this paper a 
Gaussian basis function with the fixed parameter 
r2=1.5 is used. 
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Table 1. Radial function for RBF model. 
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2.4 Support Vector Regression (SVR) 

In SVR [8] the linear regression model appears in 
the form defined by Eq. (5):  

 
( )f b= ⋅ +x w x             (5) 

 
where, ⋅w x is a dot product of w and x. The dis-
tance between the models and the support vector is 
denoted as 1/ w . The final model is determined by 
solving an optimization problem given by Eq. (6), 
minimizing 2w  within a specified range of ε. 
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With the use of LaGrange’ theory, the problem 

given by Eq. (6) can be transformed into a dual prob-
lem as shown in Eq. (7). 
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The final regression model can be given by Eq. (8). 
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The Gaussian kernel function, which is widely used 
in SVR, is defined by Eq. (9). 
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Using the Gaussian kernel function, the input pa-

rameters of the SVR model become ε, C and σ, which 
is related to Gaussian function. The metamodel is 
constructed with fixed input parameter: ε=0.0, C=105, 
σ=0.5. 

 
3. Comparative study method 

3.1 Design of Experiments (DOE) 

Developed by McKay et al. [9], the Latin hyper-
cube design (LHD) [6] distributes sampling points 
uniformly within a range of each single design vari-
able. It rearranges the sampling points into an array 
with nlevel rows and N columns, and then assigns each 
column as sampling points. Where, nlevel is the num-
ber of the level of a design variable and N is the num-
ber of design variables. Each column is a permutation 
vector where the levels 1,2, ⋅ ⋅ ⋅ , nlevel of a design vari-
able are arbitrarily allocated to each row. Therefore, 
in the case of one-dimensional projections, nlevel levels 
are obtained, and there is no overlap of sampling 
points for each design variable, which makes it suit-
able for deterministic computer experiments. In addi-
tion, LHD is easily implemented because the levels of 
the design variables can be allocated arbitrarily, 
thereby making it convenient to control the number of 
sampling points. 

 

3.2 Comparative study parameters 

In this work, in order to measure the accuracy of 
each metamodel created by different techniques in 
terms of the number of variables N, metamodels are 
constructed for cases with 2, 4, 6 and 8 variables.  

Additionally, in order to investigate the effect of 
the number of sampling points on the accuracy, sam-
ple sets with 3N, 5N and 7N sampling points are used.  

For MLS, in order to measure the accuracy of the 
metamodels with respect to weight functions, two 
widely used weight functions are considered. They 
are given by Eqs. (10)-(11), respectively [5]. 
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Table 2. Number of test points. 
 

Number of 
variables 2 4 6 8 

Number of  
test points 

212 

=441 
154 

=50,625 
96 

=531,441 
68 

=1,679,616
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3.3 Measure of performance 

The RMSE value is used as the measure of accu-
racy for evaluation of metamodels and is given by 
Eq.(12). 
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where, ntest is the number of sampling points used in 
the test. In this study ntest is developed through the 
grid points as shown in Table 2. 

It is not prudent to compare the accuracy by simply 
adding the RMSEs of 225 metamodels constructed 
based on the number of variables and the number of 
sampling points. Therefore, a quantitative measure is 
needed to combine and compare that data in a new 
way. The study presented in this paper suggests using 
a ranking method to rank the metamodels in an as-
cending order. In other words, the higher the ranking 
is the greater the RMSE value the model has. In addi-
tion, if the difference between the RMSEs of two 
metamodels is greater than 40%, the metamodel with 
larger RMSE gets +1 promotion in ranking, and if the 
difference is greater than 200%, it gets another +1 in 
ranking.  
 
3.4 Sample problem 

The sample problem consists of 6 mathematical 
problems, as shown in Table 3. The sum of square 
function [10], Rosenbrock function [10] and Gi-
unta’s function [11] can be extended to have more 
than 2 variables. In this work, the functions are  

Table 3. Mathematical sample problems. 
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extended with the capability of dealing with 2, 4, 6 
and 8 variables to construct the metamodels. The PDF 
shape function, Goldstein and Price function [10] and 
sinusoidal function [2] are used to construct the 
metamodels with only 2 variables. Therefore, there 
are 6 sample problems used for 2 variables, and 3 
sample problems for more than 4 variables. 

 
4. Results of accuracy comparison 

According to the comparison study method sug-
gested in section 3, the accuracy of metamodels cre-
ated by different metamodeling techniques is com-
pared and described in terms of the measure of per-
formance discussed in section 3.3 for the sample 
problems presented in section 3.4. 

Fig. 2 shows all the metamodels ranked and sorted 
according to the number of variables. On the other 
hand, Fig. 4 shows the metamodels sorted according 
to the number of sampling points.  

A lower ranking means that the metamodel is rela-
tively more accurate than the others, i.e., the RMSE is 
small. Overall, it can be seen that MLS and Kriging 
have a relatively higher accuracy than RBF and SVR. 

Fig. 3 depicts the RMSE of the metamodels that 
approximate the Rosenbrock function depending on 
the number of variables. Similar results with the 
RMSE are found by the other functions. It is noted 
that this is a very similar trend to the ranks shown in 
Fig. 2.  
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Fig. 1. Mathematical sample problems for 2 variables. 

 
Fig. 5 illustrates the RMSE of each metamodel that 

approximates the Rosenbrock function depending on 
the number of sampling points. As the number of 
sampling points increases, the accuracy of the meta-
model also increases, leading to a gradual decrease in 
the RMSE value of the Rosenbrock function. A 
noteworthy thing is that the slope of the RMSE pro-
duced using SVR is less than the others. This agrees 
with the fact that the more sampling points there are, 
the higher the ranking is, as shown in Fig. 4. 

Furthermore, the MLS #2 with the weight function 
defined by Eq. (11) has a higher accuracy than the 
MLS #1 with the weight function given by Eq. (10), 
while there is no significant difference between the 
RMSE values. Therefore, by adopting the widely 
used weight functions, designers may minimize the 
number of input parameters controlled. 

Kriging constructs a much more accurate meta-
model for 2-variable cases, as compared to the other 
methods. However, for the cases with 4 or more vari-
ables, results show that it had similar or worse accu-
racy than MLS. This is due to the fact that increasing 
the computational loads results in the increase in the 
number of variables. In addition, its shortcomings, 
such as calculating inverse matrices and global opti-
mization, cause more computational loads than the 
other techniques.  

 
 
Fig. 2. Ranking (The Number of Variables). 

 

 
 

Fig. 3. RMSE of Rosenbrock function (The Number of Vari-
ables). 

 

 
 

Fig. 4. Ranking (The Number of DOE). 

 

 
 
Fig. 5. RMSE of Rosenbrock function (The Number of DOE). 
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Overall, SVR constructed the most inaccurate 
metamodels, while it showed fast convergence of 
RMSE according to the number of sampling points. 
In other words, it showed a trend that increasing the 
number of sampling points did not improve the accu-
racy. 

RBF exhibits an abrupt improvement in accuracy 
over the other metamodeling methods for some cases 
with an increased number of sampling points. How-
ever, it has also shown the opposite trend of accuracy 
due to the increase in the number of sampling points. 
This method appeared the most unstable.  

In brief, SVR and RBF provide less robust results 
than Kriging and MLS in terms of accuracy. Kriging 
and MLS exhibit similar RMSE value trends without 
having significant differences for the same problem, 
while SVR and RBF have severe deviations. Namely, 
for the same problem, sometimes they constructed the 
most accurate metamodels for cases with fewer sam-
pling points, while sometimes the RMSE value in-
creases for cases with more sampling points. On the 
other hand, having a higher RMSE increases the 
number of sampling points abruptly dropped by the 
RMSE and thus changing the ranking. 
 
5. Concluding remarks 

In conclusion, Kriging and MLS constructed more 
accurate metamodels than RBF and SVR. Kriging 
constructed the most accurate metamodels for the 
cases with 2 variables, while MLS can create the most 
accurate metamodel for the cases with more variables. 

Especially, the metamodels that were developed by 
using MLS show the highest accuracy. Higher accu-
racy can also be obtained with more sampling points, 
as compared to the other metamodeling methods.  

This study shows that a metamodel that represents 
an actual model could not be constructed for the small 
number of sampling points, e.g. 3N, 5N and 7N, be-
cause of the strong non-linearity. Therefore, follow-
up researches with sufficient sampling points are 
required for constructing metamodels that closely 
resemble the actual model. 
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